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Abstract
In this thesis, we present a general framework to model and control a class of
biomorphically designed systems for robotic manipulation. Such systems are
composed of a set of rigid bodies, interacting through unilateral rolling contact,
and are actuated by a net of elastic tendons.
Method based on convex analysis are applied to study this class of mechanisms,
and are shown to provide a basis for the dynamic control of co-contraction and
internal forces that guarantee the correct operation of the system, despite limited
friction between contacting surfaces or object fragility. An algorithm is described
and tested that integrate a computed torque law, and allows to control tendon
actuators to optimally comply with the prescribed constraints.
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Introduction
Figure 1 shows an example of human hand: as we can see, the structure is quite different
from the common robotic hands. First of all, it is made of a set of rigid bodies (phalanx),
which are not connected through the joints normally used in robotics (revolute, prismatic,
etc.), but are only in contact which each other and tendons, ligaments and cartilages must
hold the entire structure.
Tendons made also possible the remotiation of the actuators, reducing the mobile parts and
increasing the performance. The redundancy of the actuation system, offers the possibility
of co-contracting the tendons, so as to optimally tune their stiffness, and configure the limbs
for different tasks (precision grasp, power grasp, etc.).
In order to use this advantages in robotic hands, it is very important to be able to model this
kind of structure. For this reason, numerous new robot designs are based on tendon driven
systems with higher kinematics pairs. The first one is the Anatomically Correct Testbed
(ATC) Hand, [1], [2]. Here, the nonlinear interactions between muscles excursions and joint
movements are mimicked by human-matching bone shapes, and by the properties of the
tendon hood connecting the actuators to finger bones. A direct muscle position controller
and force-optimized joint controller for joint angle tracking have been implemented for the
index finger motion. However, fingertip or contact-point force controller for object interaction
is still under investigation.
Another recent design worth of mentioned the highly anthropomorphic hand.arm system [3],
which is under development at DLR. It consists of a 19 DoF hand and a 7 DoF flexible arm,
where fingers are designed as endoskeletons with bionic joints. In particular, the metacarpal
joint is designed as a hyperbolically-shaped saddle joint, whereas the interphalangeal finger
joints are designed as unilateral hinge joints. In case of overload, the safe dislocation of the
bones is enabled by unilateral joints, and is carried by the elasticity of the tendons drive
train.
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Figure 1: Human Hand Example
In this thesis, we present a method to study and control a wide variety of configuration
that may be encountered in biological system. For the widest generality, we model articulated
limbs as a collection of rigid bodies which interacting through virtual springs and are actuated
by a net of tendons. Distinction between manipulator links and object to be manipulated is
not intrinsic in the model, and can be recovered in the final stage of analysis.
A dynamic force distribution analysis in contacts and tendons is proposed, with generalizes
the approach presented in [4]. We propose a control law that allows the manipulated object
to track a specified motion while ensuring the integrity of the system by application of proper
tendon tensions. Finally, we present a numerical implementation of the overall methodology
for a three-fingered hand manipulating an object.
vii
Chapter 1
Preliminaries
1.1 Introduction
This section we introduce some useful tools that we will use later: we present the POE
formulation [5], used in the kinematics and dynamic analysis, and the Montana’s equation
[6], used to model the evolution of the contact point.
1.2 POE Formulation
1.2.1 Exponential Coordinates for Rigid Motion and Twist
Consider the simple example of a one-link robot as shown in Figure 1.1, where the axis of
rotation is ω ∈ R3, ‖ω‖ = 1, and q ∈ R3 is a point on the axis. Assuming that the link
rotates with unit velocity, then the velocity of the tip point p(t) is
p˙(t) = ω × (p(t)− q) (1.1)
This equation can be conveniently converted into homogeneous coordinate by defining the
4× 4 matrix ξˆ to be
ξˆ =
ωˆ v
0 0
 (1.2)
1
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with v = −ω × q. Eq. (1.1) can be rewritten with an extra row appended to it asp˙
0
 =
ωˆ −ω × q
0 0
p
1
 = ξˆ
p
1
 ⇒ ˙¯p = ξˆp¯ (1.3)
Figure 1.1: Revolute and prismatic joint
The solution of the differential equation is given by
p¯(t) = eξˆtp¯(0), (1.4)
where eξˆt is the matrix exponential of the 4×4 matrix ξˆt. The scalar t is the total amount of
rotation (since we are rotating with unit velocity). eξˆt is a mapping from the initial location
of a point to its location after rotating t radians.
In a similar manner, we can represent the transformation do to translational motion as the
exponential of a 4× 4 matrix. The velocity of a point attached to a prismatic joint moving
with unit velocity is
p˙(t) = v (1.5)
The solution of this equation can be written as eξˆtp¯(0), where t is the total amount of
translation and
ξˆ =
0 v
0 0
 . (1.6)
2
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The matrix given in equations (1.2) and (1.6) is the generalization of the skew-symmetric
matrix ωˆ ∈ so(3), where so(3) is the vector space of all 3× 3 skew matrices. Then, we define
se(3) = {(v, ωˆ) : v ∈ R3, ωˆ ∈ so(3)} (1.7)
In homogeneous coordinates, we write an element ξˆ ∈ se(3) as
ξˆ =
ωˆ v
0 0
 ∈ R4×4. (1.8)
An element of se(3) is referred to as a twist, or a (infinitesimal) generator of the Euclidean
group. We define the ∨ (vee) operator to extract the 6-dimensional vector which parametrizes
a twistωˆ v
0 0
∨ =
v
ω
 , (1.9)
and call ξ = (v, ω) the twist coordinate of ξˆ. The inverse operator, ∧ (wedge), forms a matrix
in se(3) out of a given vector in R6:v
ω
∧ =
ωˆ v
0 0
 . (1.10)
Thus, ξ ∈ R6 represents the twist coordinate for the twist ξˆ ∈ se(3). The transformation
g = eξˆθ maps points from their initial coordinates, p(0) ∈ R3, to their coordinates after a the
rigid motion is applied
p(θ) = eξˆθp(0). (1.11)
In this equation, both p(0) and p(θ) are specified with respect to a single reference frame.
Similarly, if we let gab(0) represent the initial configuration of a rigid body relative to a frame
A, then the final configuration, still with respect A, is given by
gab(θ) = e
ξˆθgab(0). (1.12)
Thus, the exponential map for a twist gives the relative motion of a rigid body.
3
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Figure 1.2: Screw Motions
1.2.2 Screws Motions
We now analyse some of the geometric attributes associated with a twist ξ = (u, v). These
attributes give additional insight into the use of twists to parametrize rigid body motions.
Consider a rigid body motion which consists of rotation about an axis in space through an
angle of θ radians, followed by translation along the same axis by an amount d as shown in
Figure 1.2. We call such a motion a screw motion, since it is reminiscent of the motion of
a screw. To further encourage this analogy, we define the pitch of the screw to be the ratio
of translation to rotation, h = d/θ. Thus, the net translation motion after rotating by θ
radians is hθ. We represent the axis as a directed line through a point; choosing q ∈ R3 to
be a point on the axis and ω ∈ R3 to be a unit vector specifying the direction, the axis is
the set of points
l = {q + λω : λ ∈ R}. (1.13)
The above description hold when the screw motion consists of a nonzero rotation followed
by translation.
In the case of zero rotation, the axis must be define differently: we take the axis as the line
through the origin in the direction v, as shown in the second picture of the Figure 1.2.
By convention, the pitch of this screw is∞ and the magnitude is the amount of translation
along the direction v. Therefore, we define a screw as follow:
A screw S consists of an axis l, a pitch h and a magnitude M . A screw motion represent
rotation by an amount hθ parallel to the axis l. If h = ∞ then the corresponding screw
motion consists of a pure translation along the axis of the screw by a distance M .
To compute the rigid body transformation associated with a screw, we analyse the motion
4
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Figure 1.3: Generalized Screw Motions
of a point p ∈ R3 as shown in Figure 1.3. The final location of the point is given by
gp = q + eωˆθ(p− q) + hθω, (1.14)
or in homogeneous coordinate
g
p
1
 =
eωˆθ (I − eωˆθ)q + hθω
0 1
p
1
 . (1.15)
Since this relationship must hold for all p ∈ R3, the rigid body motion given by the screw is
g =
eωˆθ (I − eωˆθ)q + hθω
0 1
 . (1.16)
This transformation maps point attached to the rigid body from their initial coordinates
(θ = 0) to their final coordinates, and all points are specified with respect to the fixed
reference frame.
In the case of pure rotation, h = 0 and the twist associated with a screw motion is simply
ξ = (−ω × q, ω). In the instance that the screw corresponds to a pure translation, we let θ
be the amount of translation, and the rigid body motion described by this screw is
g =
I θv
0 1
 , (1.17)
which is precisely the motion generated by eξˆθ with ξ = (v, 0). Thus, we see that a screw
motion correspond to a motion along a constant twist by an amount equal to the magnitude
of the screw.
5
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Now we can define a screw associated to every twist. Let ξˆ ∈ se(3) be a twist coordinates
ξ = (v, ω) ∈ R6. We do not assume that ‖ω‖ = 1, allowing both translation plus rotation as
well as pure translation. The following are the screw coordinates of a twist:
 pitch
h =
ωTv
‖ω‖2 ; (1.18)
 axis
l =
{
ω×v
‖ω‖2 + λω : λ ∈ R}, ω 6= 0
{0 + λv : λ ∈ R}, ω = 0
; (1.19)
 magnitude
M =
‖ω‖, ω 6= 0‖v‖, ω = 0 . (1.20)
We now show that given a screw, we can define a twist which realizes the screw motion
and has the proper geometric attributes. It is suffices to prove that we can define a twist
with a given set of attributes, since any twist with those attributes will generate the correct
screw motion.
It can be proved that given screw with axis l,pitch h and magnitude M , there exist a unit
magnitude twist ξ such that the rigid motion associated with the screw is generated by the
twist Mξ. There are several special cases of screw motion: a zero pitch screw is a screw
motion for which h = 0, corresponding to a pure rotation about an axis; zero pitch screw
are used to model the action of a revolute joint of a manipulator. The axis of the screw
corresponds to the axis of rotation of the joint; an infinite pitch screw is a motion for which
h =∞. This corresponds to a pure translation and is the model for the action of a prismatic
joint. The axis is defined to be a line through the origin which point in the direction of
translation. The magnitude of the screw gives the amount of the displacement. Finally we
define a unit twist to be a twist such that either ‖ω‖ = 1, or ω = 0 and ‖v‖ = 1; a unit twist
has magnitude M = 1. Unit twists are useful since they allow us to express rigid motion due
6
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to revolute and prismatic joints as g = eξˆθ, where θ corresponds to the amount of rotation
or translation.
The geometric meaning of a screw is expressed in the following theorem: every rigid body
motion can be realized by a rotation about an axis combined with a translation parallel to
that axis.
As mentioned previously, the exponential of a twist represents the relative motion of a rigid
body. As a mapping, eξˆθ takes points from their initial coordinates, p(0) ∈ R3, to their
coordinates after the rigid motion is applied:
p(θ) = eξˆθp(0). (1.21)
Both p(0) and p(θ) are specified with respect to a single reference frame. If a coordinate frame
B is attached to a rigid body undergoing a screw motion, the instantaneous configuration of
the coordinate frame B, relative to a fixed frame A, is given by
gab(θ) = e
ξˆθgab(0). (1.22)
This transformation can be interpreter as follow: multiplication by gab(0) maps the coordi-
nate of a point relative to B frame into A’s coordinates, and the exponential map transform
the point to its final location.
1.2.3 The Product of Exponential Formula
A geometric description of the kinematics can be obtained by using the fact that motion of
the individual joints is generated by a twist associated with the joint axis. Recall that if ξ
is a twist, then the rigid motion associated with rotating and translating along axis of the
twist is given by
gab(θ) = e
ξˆθgab(0). (1.23)
If ξ corresponds to a prismatic joint, then θ ∈ R is the amount of translation; otherwise,
θ ∈ S1 measure the angle of rotation about the axis. Consider the two degree of freedom
manipulator show in Figure 1.4. Suppose that we fix the first joint and consider the config-
uration of the tool frame as a function of θ2 only. This is a simple revolute screw motion
about the axis of the second joint and hence we can write
7
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Figure 1.4: Manipulator Example
gst(θ2) = e
ξˆ2θ2gst(0), (1.24)
where ξ2 is the twist corresponding to rotation about the second joint. Next, fix θ2 and move
only θ1. By composition, the end-effector configuration becomes
gst(θ1, θ2) = e
ξˆ1θ1gst(θ2) = e
ξˆ1θ1eξˆ2θ2gst(0), (1.25)
where ξ1 is the twist associated with the first joint. this equation is a formula for the manip-
ulator forward kinematics. Note that ξ1 and ξ2 are constant twists obtained by evaluating
the screw motion for each joint at the θ1 = θ2 = 0 configuration of the manipulator. Eq.
(1.25) allowed us to represent the joint motion as twists about constant axes.
We can generalized this procedure to find the forward kinematics map for an arbitrary open-
chain manipulator with n degree of freedom. Let S be a frame attached to the base of the
manipulator end and T be a frame attached to the last link of the manipulator. Define
the reference configuration of the manipulator to be the configuration of the manipulator
corresponding to θ = 0 and let gst(0) represent the rigid body transformation between T and
S when the manipulator is in its reference configuration. For each joint, construct a twist ξi
which correspond to the screw motion for the i -th joint with all other joint angles held fixed
at θj = 0. For a revolute joint, the twist ξi has the form
ξi =
−ωi × qi
ωi
 , (1.26)
8
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where ωi ∈ R3 is a unit vector in the direction of the twist axis and qi ∈ R3 is any point on
the axis. For a prismatic joint we have
ξi =
vi
0
 , (1.27)
where vi ∈ R3 is a unit vector pointing in the direction of translation. All vectors and points
are specified relative to the base coordinate frame S.
Combining the individual joint motions, the forward kinematics map, gst : Q  SE(3) is
given by
gst(θ) = e
ξˆ1θ1eξˆ2θ2 . . . eξˆnθngst(0). (1.28)
The ξi’s must be numbered sequentially starting from the base, but gst(0) gives the configu-
ration of the tool frame independently of the order in which the rotations and translations
are actually performed.
Eq. (1.28) is called the product of exponential formula for the manipulator forward kinemat-
ics.
1.2.4 Manipulator Jacobian
We now present a method to obtain a explicit description of the Jacobian of the forward
kinematics map using the product of exponential formula described above.
Let gst : Q  SE(3) be the forward kinematics map for a manipulator. If the joints move
along a path θ(t) ∈ Q, then the end-effector traverses a path gst(θ(t)) ∈ SE(3). The
instantaneous velocity of the end-effector is given by the twist
Vˆ sst = g˙(θ)gst(θ)
−1. (1.29)
Applying the chain rule,
Vˆ sst =
n∑
i=1
(
∂gst
∂θi
θ˙i
)
g−1st (θ) =
n∑
i=1
(
∂gst
∂θi
g−1st (θ)
)
θ˙i, (1.30)
and we see that the end-effector velocity is linear related to the velocity of the individual
joints. In twist coordinates, eq.(1.30) can be written as
V sst = J
s
st(θ)θ˙, (1.31)
9
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where
Jsst =
[(
∂gst
∂θ1
g−1st
)
, . . . ,
(
∂gst
∂θn
g−1st
)]
. (1.32)
We call the matrix Jsst ∈ R6×n the spatial manipulator Jacobian. At each configuration θ, it
maps the joint velocity vector into the corresponding velocity of the end-effector.
If we represent the forward kinematics using the product of exponential formula, we can
obtain a more explicit and elegant formula for Jsst.
Let
gst(θ) = e
ξˆ1θ1 . . . eξˆnθngst(0) (1.33)
represent the mapping gst : SE(3), where ξˆi ∈ SE(3) are unit twists. Then,(
∂gst
∂θi
)
g−1st =e
ξˆ1θ1 . . . eξˆi−1θi−1
∂
∂θi
(
eξˆiθi
)
eξˆi+1θi+1 . . . eξˆnθngst(0)g
−1
st
eξˆ1θ1 . . . eξˆi−1θi−1(ξˆi)e
ξˆiθi . . . eξˆnθngst(0)g
−1
st
eξˆ1θ1 . . . eξˆi−1θi−1(ξˆi)e
ξˆi−1θi−1 . . . e−ξˆ1θ1
(1.34)
and, converting to twist coordinates,(
∂gst
∂θi
g−1st
)∨
= Ad
(eξˆ1θ1 ...eξˆi−1θi−1 )
ξi. (1.35)
The spatial manipulator Jacobian becomes
Jsst(θ) =
[
ξ1 ξ
′
2 . . . ξ
′
n
]
,
ξ′i = Ad(eξˆ1θ1 ...eξˆi−1θi−1 ) ξi.
(1.36)
Jsst(θ) : Rn  R6 is a configuration-dependent matrix which maps joint velocities to end-
effector velocities.
We also define a body manipulator Jacobian, J bst, which is defined by the relationship
V bst = J
b
st(θ)θ˙. (1.37)
A calculation similar to that performed previously yields
J bst(θ) =
[
ξ†1 . . . ξ
†
n−1 ξ
†
n
]
ξ†i = Ad(eξˆ1θ1 ...eξˆnθngst(0)) ξi.
(1.38)
The columns of J bst correspond to the joint twists written with respect to the tool frame at
the current configuration.
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1.3 Montana’s Equations
1.3.1 Surface Models
Given an object in R3, we describe the surface of the object using a local coordinate chart,
c : U ⊂ R2  R3, as shown in figure 1.5. The map c takes a point (u, v) ∈ R2 to a point
x ∈ R3 on the surface of the object, written in the object reference frame O. Thus, locally,
we can describe a point on the surface by specifying the corresponding (u, v). In general,
it may takes several coordinate charts to completely describe the surface of the object. A
surface S is regular if for each point p ∈ S there exist a neighborhood V ⊂ R2, an open set
U ⊂ R2, and a map c : U  V ∩ S such that
 c is differentiable
 c is a homeomorphism from U to V ∩ S
 for every α = (u, v) ∈ U , the map ∂c
∂α
(α) : R2  R3 is injective
Figure 1.5: Surface Map
At any point on the object, we can define a tangent plane which consists of the space of
all vectors which are tangent to the surface of the object at that point. the tangent plane is
spanned by the vectors cu :=
∂c
∂u
and cv :=
∂c
∂v
. That is, which is tangent to the surface at
11
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point c(u, v) may be expressed as a linear combination of the vectors cu and cv evaluated at
(u, v). A coordinate chart is orthogonal if cu and cv are orthogonal.
In order to identity a surface, we need to introduce three matrices, which depend on geometric
characteristics and local coordinate of the surface: metric tensor (Mp) which is used to
normalize tangent vectors, curvature tensor (Kp) which is a measure of how the unit normal
varies across the surface, as projected on the tangent plane, and torsion form (Tp) which
gives the measure of the rate of change of curvature along the curve. This matrices are
defined as follow:
Mp =
‖cu‖ 0
0 ‖cv‖
 , Kp =
 cTunu‖cu‖2 cTunv‖cu‖‖cv‖
cTv nu
‖cv‖‖cu‖
cTv nv
‖cv‖2
 , Tp = [ cTv cuu‖cu‖2‖cv‖ cTv cuv‖cu‖‖cv‖2] , (1.39)
where n is the unit normal vector pointing toward the surface, nu =
∂n
∂u
, nv =
∂n
∂v
, cuu =
∂2c
∂u2
and cuv =
∂2c
∂u∂v
. The curvature tensor can be also be computed in terms of a special coordinate
frame called normalized Gauss frame. If c(u, v) is an orthogonal chart, then we define the
normalized Gauss frame as
[x y z] =
[
cu
‖cu‖
cv
‖cv‖ n
]
. (1.40)
The normalized Gauss frame provides an orthonormal frame at each point on the surface.
In terms of this frame, the curvature tensor is given by:
Kp =
xT
yT
[ nu
‖cu‖
nv
‖cv‖
]
. (1.41)
Given a parametrization, (Mp, Kp, Tp) are referred to as the geometric parameters of the
surface. These parameters describe the local geometry of the surface and play an important
role in the kinematics of contact.
1.3.2 Contact Kinematics
Consider two object with surfaces So and Sf which are touching at a point as shown in
Figure 1.6. We are interested in the motion of the point of contact across the surfaces of the
objects in response to a relative motion of the objects.
Let po(t) ∈ So and pf (t) ∈ Sf be the position at the time t of the point of contact relative to
two boty-fixed frames O and F , respectively. Let (co, Uo) and (cf , Uf ) be charts for the two
12
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surfaces, and αo = c
−1
o (po) ∈ Uo and αf = c−1f (pf ) ∈ Uf be the local coordinates. We will
assume that co and cf are orthogonal representations of the surfaces. Let ψ be the angle of
contact, defined as the angle between the tangent vectors
∂cf
∂uf
and ∂co
∂uo
. We choose the sign
of ψ so that a rotation of ∂co
∂uo
through an angle ψ around the outward normal of So aligns
∂co
∂uo
with
∂cf
∂uf
see figure 1.6. Collecting the quantities which describe the contact, we call
η =

αf
αo
ψ
 (1.42)
the contact coordinates for Sf and So.
Figure 1.6: Frame Contact
Let go,f ∈ SE(3) describe the relative position and orientation of Sf with respect to
So. We wish to study the relationship between go,f and the local contact coordinates. To
do so, we assume that go,f ∈ W ⊂ SE(3), where W is the set of all relative positions and
orientations for which the two objects are in contact.
The coordinate charts (co, Uo) and (cf , Uf ) induce a normalized Gauss frame at all points in
co(Uo) ⊂ So and cf (Uf ) ⊂ Sf . We define the contact frames Co and Cf as the coordinate
frames that coincide with the normalized Gauss frame at po(t) and pf (t), for all t ∈ I, where
I is the interval of interest. We also define a continuous family of coordinate frames, two for
each τ ∈ I, as follows. Let the local frames Lo(τ) and Lf (τ), be the coordinate frames fixed
relative to O and F , respectively, that coincide at time t = τ with the normalized Gauss
frame at po(t) and pf (t) see Figure 1.7.
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We describe the motion of O and F at time t using the local coordinate frames Lo(t) and
Lf (t). Let vlo,lf = [vx vy vz] be the components of the (body) translational velocity of Lf (t)
relative to Lo(t) at time t. Similary, let ωlo,lf = [ωx ωy ωz] be the (body) rotational velocity.
Here [ωx ωy] are the rolling velocities along the tangent plane at the point of contact, and
ωz is the rotational velocity about the contact normal.
Figure 1.7: Local Frame
Likewise, [vx vy] are the linear velocities along the tangent plane, called sliding velocities,
and vz is the linear velocity in the direction contact normal. As long as the two bodies
remain in contact, vz = 0. In addition, for pure rolling contact we have vx = vy = 0 and
ωz = 0, for pure sliding we have ωx = ωy = ωz = 0. Since the local frames are fixed relative
to their respective frame of reference we have
V
lf
lo,lf
= Adg−1f,lf
V fo,f . (1.43)
We also let:
Rψ =
 cosψ − sinψ
− sinψ − cosψ
 K˜o = RψKoRψ. (1.44)
Note that Rψ is the orientation of the x and y axes of Cf relative to Co. Thus, K˜o is the
curvature of O at the point of contact relative to the x and y axes of Cf . We call Kf + K˜o
the relative curvature form.
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The motion pf the contact coordinates, η˙, as a function of the relative motion is given by
α˙f = M
−1
f (Kf + K˜o)
−1
−ωy
ωx
− K˜o
vx
vy

α˙o = M
−1
o (Kf + K˜o)
−1
−ωy
ωx
+Ko
vx
vy

ψ˙ = ωz + TfMf α˙f + ToMoα˙o
vz = 0
. (1.45)
In case of rolling contact the coordinates evolve as follow
α˙f = M
−1
f (Kf + K˜o)
−1
−ωy
ωx

α˙o = M
−1
o (Kf + K˜o)
−1
−ωy
ωx

ψ˙ = TfMf α˙f + ToMoα˙o
. (1.46)
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Chapter 2
System Description
2.1 Introduction
This chapter gives a description of a generic system composed of n rigid bodies, that may
be connected one with any of the others. First of all, we show the reference frames and the
notation adopted. Afterwards, we will analyse the bodies and contact kinematics and finally,
we will also obtain the model of the contact forces and tendon tension and the dynamic model
of the complete system.
2.2 Reference Frame and Notation
As mentioned, the system is composed of a set of n rigid bodies (links), numbered from 1
to n, which has six DoF and that may be connected one with any of the others or with the
environment (palm), through revolute or prismatic joints, and unilateral rolling contacts.
Modeling a system of this type is quite difficult, so it is important to choose reference frames
correctly and to define a clear notation. Referring to Figure (2.1), we define the following
reference frame:
 {P} : inertial frame fixed to the palm;
 {Bi} : frame fixed to the centre of mass of the i -th object;
 {Ci,k} : normalised Gauss frame fixed to body i with origin in the contact point
between i and k ;
16
2.3. BODY KINEMATICS
 {Li,k} : local coordinate frame fixed to body i in contact with body k ;
 {Fi,k} : referring to the contact between i and k, {Fi,k} is the reference frame of the
contact surface on the body i.
Figure 2.1: Notation
Figure (2.1) also shows some important points:
 ci,k is the point of contact between links i and k with coordinate expressed in {Bi};
 pi,j is the point where tendon j is connected or passed through link i, expressed in {Bi}
(p0,j is expressed in {P});
 fi,k is the contact force exerted by link i on link k ;
 tj is the tensions of the tendon j.
2.3 Body Kinematics
Evey part of the manipulator is a rigid body with six DoF, so we represent the configura-
tion of each link by an open chain composed of 6 virtual joints, with the object connected
to the last one (see Figure 2.2). We obtain a virtual open chain with three prismatic and
three revolute joints where all link has mass and inertia equal to zero. The 6 joint variables
represent any local parametrisation of the object configuration: we adopt the Euler’s XYZ
17
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representation and we denote with θi = [x y z α β γ]
T the coordinate for the i -th body,
where x, y, z are the position while α, β and γ are the orientation of body i. We cast the set
of local parametrisation for all the objects in the vector θ = [θT1 , . . . , θ
T
n ]
T ∈ R6n
Figure 2.2: Virtual Chain
For this parametrisation, the twist associated to the i -th body is:
ξi = [ξi,x ξi,y ξi,z ξi,θx ξi,θy ξi,θz ] (2.1)
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where:
ξi,x =

1
0
0
0
0
0

, ξi,y =

0
1
0
0
0
0

, ξi,z =

0
0
1
0
0
0

for prismatic virtual joints;
ξi,θx =

0
0
0
1
0
0

, ξi,θy =

0
0
0
0
1
0

, ξi,θz =

0
0
0
0
0
1

for revolute virtual joints.
(2.2)
Now we denote with gPBi(θi) the posture of {Bi} with respect to {P}, and we employ the
Product of Exponential (POE) formula, described in the previous chapter, for its parametri-
sation:
gPBi(θi) = gPBi(0)
6∏
j=1
eξˆijθij , (2.3)
where gPBi(0) is the reference configuration of {Bi}. It is also important to introduce the
relation between the virtual joint coordinates and the body velocities:
V BiPBi = J
Bi
PBi
θ˙i, (2.4)
where JBiPBi is the Jacobian of the i -th object expressed in {Bi}, obtained using the POE
formula as follow:
ξ†i = Ad
−1
(eξˆi1θi1 ...eξˆi6θi6gPBi (0))
ξi,
JBiPBi =
[
ξ†i1 . . . ξ
†
i6
]
.
(2.5)
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We also define the jacobian of the whole system J ∈ R6n×6n as
J = BlockDiag(JB1PB1 , ..., J
Bn
PBn
). (2.6)
2.4 Evolution of the Contact Points
In the previous chapter, we introduced the Montana’s equations [6], which give the kinematics
of a rolling contact. Generally, this equations are used to describe the manipulation of an
object by a hand, where the contact point move along the object and the fingertip surface.
In our case, all the body roll over the connected object, so we need to extend this concept
to the whole manipulator. We start our analysis considering the contact between bodies i
and k ; the update law for the local coordinate is given by the followingα˙k,i
α˙i,k
 =
 M−1k,i (Kk,i + K˜i,k)P
M−1i,k Rψi,k(Kk,i + K˜i,k)P
ωxi,k
ωyi,k
 ,
ψ˙ =
[
Tk,iMk,i Ti,kMi,k
]α˙k,i
α˙i,k
 ,
(2.7)
where αi,k = [ui,k, vi,k]
T are the contact coordinates in {Fi,k}, ψi,k is the angle that aligns
xi,k onto xk,i with a rotation about the zk,i axis, and P , Rψi,k and K˜o are matrices define as
follow:
P =
0 −1
1 0
 ,
Rψi,k =

cosψi,k − sinψi,k 0
− sinψi,k − cosψi,k 0
0 0 −1
 ,
K˜o = Rψi,kKoRψi,k .
We also assume a rigid model for the mating surfaces, so variation of the matrices M , K
and T are neglected.
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We now calculate the term [ωxi,k , ωyi,k ]
T , that represent the relative angular velocity between
two bodies around axis x and y, respectively. The twist of body k with respect to frame
{P}, can be expressed as
VPBk = VPBi + VBkli,k + Vli,klk,i + Vlk,iBk . (2.8)
Since {Li,k} and {Lk,i} are fixed relative to {Bi} and {Bk}, respectively, VBkli,k and Vlk,iBk
are always zero, so the relative velocity, expressed in {Lk,i}, is
V
Lk,i
Li,kLk,i
= V
Lk,i
PBk
− V Lk,iPBi . (2.9)
Remembered the eq.(2.4) we have:
V
Lk,i
Li,kLk,i
= AdgLk,iBk (αk,i)J
Bk
PBk
(θk)θ˙k − AdgLk,iBi (αi,k, ψi,k)J
Bi
PBi
(θi)θ˙i, (2.10)
where AdgLk,iBk is the adjoint transformation corresponding to a homogeneous transformation
gLk,iBk , which gives the posture of the body frame with respect to the contact frame.
Finally,
ωxi,k = V
Lk,i
Li,kLk,i
(3) (2.11)
ωyi,k = V
Lk,i
Li,kLk,i
(4). (2.12)
2.5 Force Description
As we can see in Figure (2.3), the total wrench applied on a link is the sum of two parts: one
is due to tendon tensions (the actuation system) and one to the contact forces. Therefore, in
this section we will present the model of the contact forces and we will obtain an expression
of the wrench applied on the object by contacts. We will also describe the actuation system,
and the elastic model of the tendons. Finally, will obtain the overall system model.
2.5.1 Contact Force Model
Every link interacts to the connected ones through generalized virtual spring which can move
over the object boundaries, thus simulating the rolling motion. Elastic reaction forces are
generated in the directions where the motion are not allowed by the type of connection,
and depending on the relative displacement between the bodies and the characteristics of
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Figure 2.3: Body Equilibrium
the virtual springs. To describe contact characteristics, we introduce two block diagonal
matrices K and B, called elasticity matrix and constraint matrix respectively [4], where
each block Ki,k ∈ Rc×c and Bi,k ∈ R6×c represent a contact and are define as follow:
 in case of 1 DoF contact
Ki,k =
µtI3 03×2
02×3 µrI2
, Bi,k =
 I3 03×2
03×3 ai,k
,
where ai,k ∈ R3×2 are the direction constrained by the contact type;
 in case of soft finger contact
Ki,k =
µtI3 03×1
01×3 µrI2
, Bi,k =
 I3 03×1
03×3 bi,k
,
where bi,k ∈ R3 is direction constrained by the contact type.
Terms µt and µr, are the elastic coefficient for linear and rotoidal springs respectively,
while matrix Bi,k is a basis of the contact wrench, or equivalently, B
T
i,k selects the relative
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displacement constrained by the connection.
In order to obtain an expression of the relative displacement, we now consider the contact
frames Ci,k and Ck,i; corresponding to a small displacement δθi of the i -th body, frame Ci,k
is displaced by
δC
Ck,i
k,i = Adgck,iBk (uk,i, vk,i)J
Bk
PBk
(θk)δθk, (2.13)
and analogously for Ci,k
δC
Ci,k
i,k = AdgCi,kBi (ui,k, vi,k)J
Bi
PBi
(θi)δθi. (2.14)
The relative displacement δxi,k of k with respect to i, expressed in Ck,i, is the difference
between eqs. (2.13) and (2.14):
δx
Ck,i
i,k = δC
Ck,i
k,i − AdgCk,iCi,k (ψi,k)δC
Ci,k
i,k . (2.15)
We know that the connection constraint generates force only in avoid directions, so we must
select that direction multiplying eq.(2.15) by BTi,k; then, if we multiply also by Ki,k, we obtain
the contact wrench f
Ci,k
i,k ∈ Rc as
f
Ck,i
k,i = Ki,kB
T
i,kδx
Ck,i
i,k + fˆ
Ck,i
i,k , (2.16)
where fˆ
Ck,i
i,k ∈ Rc models the preload contact wrench which can be present in the reference
configuration.
Then, we rewrite eq. (2.16) in a compact form as follow:
f
Ck,i
k,i = Ki,kB
T
i,k
[
AdgCk,iBk −AdgCk,iBi
]JBkPBk 0
0 JBiPBi
δθk
δθi
 , (2.17)
and we easily obtain the components in barycentric frame {Bi} of the full wrench exerted
by k on i as
cFBik,i = Gk,if
Ck,i
k,i , Gk,i = Ad
−T
gBiCk,i
Bi,k. (2.18)
The resultant wrench on i -th body due to contacts depends on its connectivity with the other
objects. By introducing the list ν(i) as a mean to encode connectivity of the i -th body with
all the other, and the shorthand notation Gi = [Gk,i]k∈ν(i), to represent proper juxtaposition
in columns/rows of matrices or vectors, we can write:
cFBii = Gif
C],i
i , (2.19)
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where f
C],i
i = [f
Ck,i
k,i ]k∈ν(i), is comprised of all the contact force components (each one in its
contact frame) exerted on body i by its connected neighbours.
Then, in order to avoid redundancy and reduce the dimensionality of the system, we count
the contact force components only once by introducing the global contact force vector f ∈ Rs
as follows
f =
n⋃
i=1
f
C],i
i . (2.20)
According to the above definition, the overall contact wrench contribution is
cFB = Gf, (2.21)
where matrix G ∈ R6n×s can be extracted by inspection or by automatic search procedures
from the set (obtained for i = 1, ..., n) of eq. (2.19) and making use of eqs. (2.20) and (2.21).
Using this notation, we obtain the complete contact force model from the eq. (2.17) as
follow:
cfC = KGTJδθ, (2.22)
where δθ = [δθT1 . . . δθ
T
n ]
T ∈ R6n contains the small displacement for all the object in the
system.
2.5.2 Actuation System Model
In order to simulate a model of a biomorphic hand, the actuation system is made by a net
of tendons, which are supposed to be elastic. Therefore, tendons cannot be pushed and that
causes non-trivial difficulties in design and control, because of the necessity to avoid tendon
cables to go slack. For this reason, we use two tendons per DoF in an “agonistic-antagonistic”
configuration and we ensure that the control system keep all tensions positive.
The actuation system is composed of q motors and r tendons, which have one end fixed to
an object, while the other end may be connected to a motor or to another object, therefore
r ≥ q. Accordingly with the notation define in the paragraph 2.2, we denote with pi,j the
point on the i -th body where the j -th tendon is fixed or passed through. Actuators are placed
remotely on the environment, therefore the position of the j -th tendon actuator is denoted by
p0,j. Under the assumption of frictionless transmission system, the tendons can be considered
uniformly stressed, and the tensions can be collected in a vector t = [t1...tr]
T ∈ Rr.
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We denote with Ti,j ∈ R6, the matrix which contains the basis of the wrench applied by
tendon j on body i. Depending on the net topology, we can identify the following situations
[4]:
 when tendon j is connected to link i and successively passes through a sheath fixed on
link k we have:
T Pi,j =
1
‖pk,j − pi,j‖
pk,j − pi,j
pi,j × pk,j
 ;
 when tendon j is connected to (or passes through) link h, passes through link i and is
connected to (or passes through) link k we have:
T Pi,j =
1
‖ph,j − pk,j − 2pi,j‖
ph,j − pk,j − 2pi,j
pi,j × (ph,j + pk,j)
 ;
 when tendon j is not connected to link i we have:
Ti,j = 06×1.
Now, we can write the wrench tFBii,j ∈ R6 exerted on the i -th object by the j -th tendon,
expressed in {Bi} as
tFBii,j = T
Bi
i,j ti,j, (2.23)
where
TBii,j = Ad
−T
gBiP
T Pi,j. (2.24)
The effect of the whole tendon net on the i -th object, can be written in a matrix form as
tFBii = T
Bi
i t, Ti = [T
B1
1 ...T
Br
r ] ∈ R6×r (2.25)
Finally, if we consider the whole system, we obtain the overall effect of the tendons on the
articulated structure tFB ∈ R6n, as
tFB = Tt, (2.26)
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where T ∈ R6n×r is made by stacking eq.(2.25) for all the objects:
T =

TB11
...
TBii
...
TBnn

=

TB11,1 . . . T
B1
1,j . . . T
B1
1,r
...
...
...
TBii,1 . . . T
Bi
i,j . . . T
Bi
i,r
...
...
...
TBnn,1 . . . T
Bn
n,j . . . T
Bn
n,r

. (2.27)
2.5.2.1 Tendon Tension Model
As mentioned, tendon are suppose to be elastic. To model that characteristic, we employ
the same method that we used for the contact force model: tension is obtained multiplying
the extension of the tendon by an elastic coefficient. Therefore, we introduce the matrix
Kt ∈ Rr×r, called tendon elasticity matrix
Kt = BlockDiag(kt1 , . . . , ktj , . . . , ktr), (2.28)
where ktj is the elastic coefficient of the j -th tendon, and the relative displacement δxr
between the tendon ends. This is due to both a change in the configuration of the bodies
and a displacement δq of the tendon ends imposed by the motors. It is easy to show that
δxt as the following form:
δxt = T
TJδθ − ΓT δq, (2.29)
where δθ is the same vector used in eq. (2.22). The first term represents the stretch due
to the bodies displacement: considering the body i and the tendon j, T Ti,jJiδθi is the dot
product between Ti,j and Jiδθi, where Ti,j is the direction of the tendon j and Jiδθi is the
displacement of the body i. Therefore, denoting with ψi,j the angle between Ti,j and Jiδθi
we have
T Ti,jJiδθiTi,j · Jiδθi = T Ti,jJiδθi cosψi,j.
T Ti,jJiδθi is the projection of the body displacement on the direction T
T
i,j or in other words,
the displacement of point pi,j along the tendon direction and so represents the stretch of the
tendon due to body displacement.
The second term ΓT δq, is the displacement imposed by motors, where Γ ∈ Rq×r is a selection
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matrix that takes into account that not all the tendons are directly actuated. It maps tendon
tensions t to active force τ ∈ Rq applied on tendons by the q motors as follow:
τ = Γt, (2.30)
where Γi,j = 1 if the j -th tendon is directly connected to the i -th motor, and Γi,j = 0
otherwise. Finally, assuming a linear elasticity model for each tendon, the vector of tensions
can be write as
t = Ktδxt + tˆ = Kt[T
TJδθ − ΓT δq] + tˆ, (2.31)
where tˆ is the preload tensions vector in the reference configuration.
2.6 Overall System Equilibrium
We now give a complete and compact description of wrenches on the system objects.
Remembered the eqs. (2.21) and (2.26), we can write the following important relation
FB = cFB + tFB = Gf + Tt =
[
G T
] [f
t
]
=: G¯f¯ , (2.32)
where FB ∈ R6n is a vector which contain the total wrench on all the object in the system,
and f¯ ∈ Rs+r contain all the contact forces and tendon tensions.Recalling eqs. (2.22) and
(2.31), f¯ can be written as follow:
f¯ =
[
K 0
0 Kt
] [
GTJ 0
T TJ −ΓT
] [
δθ
δq
]
=: K¯M
[
δθ
δq
]
+ ˆ¯f (2.33)
Eqs. (2.32) and (2.33), give a complete description of the static model of our system. To-
gether with Montana’s equation (2.7) and the dynamic equation that we will describe later,
represent the complete system model.
2.7 Force Distribution
The force distribution problem consists of describing the general solution to eq.(2.32), given
the (to be applied) global wrench FB. We must note that eq.(2.32) admits solution only if FB
belongs to the range space of G¯; a wrench outside such range could not be counterbalanced
by any actuator action: this situation is usually avoided by design. Thus, we assume that
R(G¯) = R6n. In this case, the general solution of eq.(2.32) can be written as the sum of (i)
a particular solution, (ii) a homogeneous one [4].
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2.7.1 Particular Solution
The particular solution is in general not unique, since G¯ admits infinitely many right inverses.
However, we expect a unique solution to the following problem: assume the system is in an
equilibrium configuration, under a set of external loads FˆB, with contact forces fˆ and tendon
tensions tˆ. Determine the contact forces and tendon tensions at the equilibrium that the
system reaches when an additional load FB is applied, while the actuator position q is kept
constant. Eq. (2.33) with δq = 0, can be rewritten as follows:
f¯ = K¯
[
GTJ
T TJ
]
δθ + ˆ¯f = K¯G¯TJδθ + ˆ¯f. (2.34)
Substituting eq. (2.34) in eq. (2.32), we have
FB + FˆB = −G¯K¯G¯TJδθ − G¯ ˆ¯f ; (2.35)
hence, being FˆB = −G¯ ˆ¯f , recalling that G¯ is assumed full row rank and K¯ is invertible, we
have the particular solution:
f¯ = −K¯G¯TJ(G¯K¯G¯TJ)−1FB + ˆ¯f =: −G¯RKFB + ˆ¯f, (2.36)
where G¯R
K¯
is the K¯-weighted right inverse of G¯.
2.7.2 Homogeneous Solution
Homogeneous solutions of eq. (2.32) correspond to tendon tensions and connection forces
that counterbalance each other, thus not affecting the overall equilibrium of the system.
These forces and tensions are usually referred to as internal. Internal forces are fundamental
concern in grasp planning, since disruption of rolling-pair joints or slippage and loss of grasp
stability can often be avoided only through effective management of internal forces. Among
internal tensions-forces, co-contraction tensions must be used to keep tensions positive in
each tendon (to avoid to go slack), and to keep contact between different links in the limbs.
2.7.2.1 Active Internal Tensions and Forces
We now prove that every active internal force can be written as the product of a basis matrix
E times an arbitrary coefficient vector y of suitable dimension. In fact, consider an equilib-
rium configuration of the system under the wrench FˆB and let ˆ¯f , qˆ be the connection/tendon
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forces and positions of tendon actuated ends, respectively. Applying the principle of virtual
work (PVW), and eq. (2.32), we have:
FˆB
T
δθ = ˆ¯fT G¯T δθ = 0, ∀δθ. (2.37)
Perturb the equilibrium configuration by imposing displacements of the actuated ends of
tendons by δq, a new equilibrium configuration, under the same set of internal forces FˆB,
will be reached on condition that the PVW is satisfied:
FˆB
T
= ( ˆ¯fT + δ ˆ¯fT )G¯T δθ = δf¯T G¯T δθ = 0, ∀δθ, (2.38)
where δf¯ , δθ are the change of tensions and forces and the change of position of bodies,
respectively. Substituting eq. (2.33), the PVW is rewritten as
G¯M
δθ
δq
 = 0. (2.39)
We denote with B ∈ R(6n+q)×b the matrix whose columns span the nullspace of G¯M . Accord-
ing to eq. (2.39), the subspace of internal forces that can be obtained at steady-state after
a displacement of the tendon ends is commanded, is the subspace of active internal forces
Fha and is given by the range space of MB, whose basis matrix E ∈ R(s+r)×e is obtained by
using only the independent columns of MB.
Therefore,
Fha = {f¯ : Ey, y ∈ Re}. (2.40)
The basis matrix E can be partitioned as E = ([Ei]
n
1Er), with Ei = [Ei,j]
n
1,k 6=i. Blocks
Ei,k ∈ Rc×e correspond to contact forces between the i -th and k body contributing to active
internal forces, while block Er contains the corresponding tensions necessary to apply the
internal forces. We also note that the set of the co-contraction forces Fcc is the subspace
of active internal forces that do not change the forces between links and the manipulated
object:
Fcc = {f¯ : f¯ = Ey, y ∈ Re, Ei,ky = 0} if body i or k is the object. (2.41)
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2.7.2.2 Preload Internal Forces
We consider preload internal tensions and forces as those internal tensions and forces that
cannot be actively controlled by means of motor displacements. In system with tendinous
structure and rolling pairs, these can be used to model the effects of articular ligaments.
Letting ΓT = [0 Γ] ∈ Rq×(s+r), eq. (2.30) is rewritten as follow
τ = ΓT f¯ , (2.42)
and eqs. (2.33) can be assembled as
f¯ =
KBT 0
0 Kt
 δx
δxt
 =: K ′
 δx
δxt
 , (2.43)
where, recall the notation used for the contact forces,
δx =
n⋃
i=1
δxi, δxi = [δxk,i]k∈ν(i). (2.44)
Because every preload force is internal and not controllable by motors, the following relations
must be verified:
G¯K ′
 δx
δxt
 = 0; (2.45)
ΓTK
′
 δx
δxt
 = 0. (2.46)
The subspace of preload tensions and forces Fhp is therefore given by
Fhp = {f¯ : f¯ = K ′y, y ∈ N (G¯K ′) ∩N (ΓTK ′)}. (2.47)
In the subsequent application of the methodology, we will assume that no pre-loading is
present in the system (this assumption implies no loss of generality, because preload ef-
fects could be easily taken into account by superimposing therm to the effects of external
wrenches). Therefore, the complete solution of the eq. (2.32) can be written as
f¯ = GRK¯F
B + Ey, (2.48)
where y is a free vector parameterizing the internal tensions/forces, which may be chosen
according to the system constraints. We will describe the constraints and the technique used
to choose y in section 3.3.2.
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2.8 Dynamic Equation
As we said in previous section, every object of the system is viewed as an open chain with
6 DoF. Therefore, the complete dynamic equation is formed by appropriately stacking the
quantity obtained for individual objects as follow
M(θ)θ¨ + C(θ, θ˙)θ˙ +N(θ) = FB, (2.49)
where FB is the vector of tensions and contact forces defined before, M ∈ R6n×6n is the
inertia matrix, C ∈ R6n×6n is the matrix which contains centrifugal and Coriolis terms,
N ∈ R6n include the external forces and are defined as follow:
M(θ) = BlockDiag(M1(θ1), . . . ,Mi(θi), . . . ,Mn(θn)), (2.50a)
C(θ, θ˙) = BlockDiag(C1(θ1, θ˙1), . . . , Ci(θi, θ˙i), . . . , Cn(θn, θ˙n)), (2.50b)
N(θ) = [NT1 (θ1), . . . , Ni(θi)
T , . . . , Nn(θn)
T ]T . (2.50c)
The matrices Mi, Ci and Ni are easily obtained using the Product of Exponential Formula
[5], using twists defined in eq.(2.2) and remembered that the mass and the inertia of the
links of the virtual chain is zero except for the last one.
2.8.1 Inertia Matrix
Considering an open chain composed of m link, the element (i,j ) of the inertia matrix can
be obtained as
Mi,j =
m∑
l=max(i,j)
ξTi A
T
l,iM
′
lAl,jξj, (2.51)
where ξi is the twist associated to i -th joint, while Ai,j is define as follow:
Ai,j =

Ad−1g
e
ξj+1θj+1 ...eξiθi
i > j
I6×6 i = j
06×6 i < j
. (2.52)
Matrix M ′i , called transformed inertia matrix for the i -th link, represent the inertia of the
i -th link reflected into the base frame of the manipulator and it is defined as
M ′i = AdgPBi (0)Mi Ad
−1
gPBi (0)
, (2.53)
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where
Mi =

mi 0 0 0 0 0
0 mi 0 0 0 0
0 0 mi 0 0 0
0 0 0 Ixx 0 0
0 0 0 0 Iyy 0
0 0 0 0 0 Izz

(2.54)
is the generalized inertia matrix of the body i and mi, Ixx, Iyy, Izz are mass and moments of
inertia of i -th link, respectively.
2.8.2 Coriolis Matrix
Considering an open chain composed of m link, the element (i, j) of the Coriolis matrix is
Ci,j(θ, θ˙) =
1
2
m∑
k=1
(
∂Mi,j
∂θk
+
∂Mi,k
∂θj
− ∂Mk,j
∂θi
)
θ˙k, (2.55)
where
∂Mi,j
∂θk
=
m∑
l=max(i,j)
([Ak,iξi, ξk]
TATl,kM
′
lAl,jξj + ξ
T
i A
T
l,iM
′
lAl,k[Ak,iξi, ξk]). (2.56)
Matrix Ai,j and M
′
i are defined in eqs. (2.52) and (2.53) respectively, while [ξ1, ξ2] is the
Lie Bracket operator defined as
[ξ1, ξ2] = (ξˆ1ξˆ2 − ξˆ2ξˆ1)∨, (2.57)
where ∧ and ∨ are wedge and vee operator.
2.8.3 External Forces Vector
We consider an open chain composed of m link and assuming that gravity is the only external
force, matrix N is defined as follow:
N(θ) =
∂V
∂θ
, (2.58)
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where
V (θ) =
m∑
i=1
mighi(θ) (2.59)
is the kinetic energy of the chain, while mi is the mass of the i -th link, g is the acceleration
of gravity and hi(θ) is the height of the centre of mass of the link i.
In order to implement the computation of matrix N , we can rewrite the matrix as follow:
N(θ) =

∑m
i=1mig
∂hi
∂θ1
...∑m
i=1mig
∂hi
∂θj
...∑m
i=1mig
∂hi
∂θm

, (2.60)
where
∂Hi
∂θj
=
e
ξˆ1θ1eξˆ2θ2 . . . eξˆj−1θj−1 ∂e
ξˆjθj
∂θj
eξˆj+1θj+1 . . . eξˆiθigPBi(0) i ≥ j
04×4 i ≤ j
. (2.61)
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Chapter 3
Control
3.1 Introduction
In this chapter we analyse the control strategy used to ensure the global integrity of the
system in tracking a specified trajectory. To do that, we distinguish the objects which
composed the hand from the manipulated one, and we give the relationship between object
velocity and bodies velocity. Finally, we describe the optimization technique used to choose
the feasible set of tensions and forces.
3.2 Overall System Trajectory
We consider a system with n links where the n-th one is the manipulated object, while the
others compose the hand. Note that in the subsequent section, we will denote with “object”
the manipulated link, while “link” will be referred to a part of the hand. We search an
expression that gives a relationship between object velocity and links velocity.
When we analyse a “classic” hand, where every finger is an open chain, the contact kinematics
constraint between hand and object imposes the follow relation:
Jhθ˙ = G
T
o Vo (3.1)
where Jh is the Hand Jacobian, θ˙ is the joints velocity, Go is the Grasp Matrix and Vo is the
object velocity. If Jh is a square matrix, the joint velocity can be easily obtain as
θ˙ = J−1h G
T
o Vo (3.2)
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The left side of the eq. (3.1), is the velocity of the contact point on the fingertip of the finger
as a function of joints velocity. Therefore, we introduce the joint coordinate for our system:
referring to bodies i and k in Figure 3.1, we call joint variable the contact coordinates
αk,i = [uk,i, vk,i]
T . In case of one DoF joint, we will assume that one is fixed. Then, we write
the expression of the fingertip velocity with respect to the palm VPLh,o as
VPLh,o = VPL0,i + VL0,iLi,0 + VLi,0Li,k + VLi,kLk,i + VLk,iLk,h + VLk,hLh,k + VLh,kLh,o . (3.3)
From the chapter 1, we know that Li,k is fixed relative to Bi, therefore, projecting in the
Figure 3.1: Finger example
Lh,o, eq. (3.3) is written as follow
V
Lh,o
PLh,o
= AdgLh,oLi,0V
Li,0
L0,iLi,0
+ AdgLh,oLk,iV
Lk,i
Li,kLk,i
+ AdgLh,oLh,kV
Lh,k
Lk,hLh,k
. (3.4)
V
Lk,i
Li,kLk,i
is the relative velocity used in Montana’s equation; in case of rolling contact we have:
V
Lk,i
Li,kLk,i
= [0 0 0 ωxi,k ωyi,k 0]
T . (3.5)
Remembering eq. (2.7), we can writeωxi,k
ωyi,k
 = [M−1k,i (Kk,i + K˜i,k)P ]−1α˙k,i, (3.6)
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and replacing in eq. (3.5) we obtain
V
Lk,i
Li,kLk,i
=

0
0
0
[M−1k,i (Kk,i + K˜i,k)P ]
−1
0

α˙k,i =: Jηk,iα˙k,i, Jηk,i ∈ R6×2. (3.7)
Substituting eq. (3.7) in eq. (3.4), we obtain the relationship between the fingertip velocity
and the joint velocity
V
Lh,o
PLh,o
= AdgLh,oLi,0Jηi,0α˙i,0 + AdgLh,oLk,iJηk,iα˙k,i + AdgLh,oLh,kJηh,k α˙h,k. (3.8)
Rewriting in a more compact form we have
V
Lh,o
PLh,o
=
[
AdgLh,oLi,0 AdgLh,oLk,i AdgLh,oLh,k
]
Jηi,0 0 0
0 Jηk,i 0
0 0 Jηh,k


α˙i,0
α˙k,i
α˙h,k
 =:
=: AJηβ˙,
(3.9)
where β˙i = [α˙
T
i,0 α˙
T
k,i α˙
T
h,k]
T contains the joint coordinates of the i -th finger. Then, considering
the whole hand, eq. (3.1) is rewritten as
JH β˙ = G
T
o Joθ˙o, JH = B
TAJη, (3.10)
where Jo is the object jacobian, β contains the joint coordinates for the whole hand, θ˙o is the
velocity of the local parametrisation of the object and B is the matrix defined in section 2.5.1,
which selects the relative displacements avoided by the constraint in the contact between
hand and object.
The hand jacobian JH is composed of λ blocks JHi ∈ Rui×Di , where λ is the number of
fingers, ui is the number of constraints of the contact between finger i and object and Di is
the number of DoF of i -th finger:
JH = BlockDiag(JH1 , ..., JHi , ..., JHλ), JH ∈ R(λ×u)×(λ×D). (3.11)
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In order to obtain a square hand Jacobian, the number of DoF of each finger must be equal
to the number of constraints of the contact finger-object (u = D). In this situation, we can
easily obtain β˙ from the object velocity as follow
β˙ = J−1H G
T
o Joθ˙o. (3.12)
Then, we need a relationship which gives the links configuration variables θ˙ as a function
of β˙. Let Gh, Jh and θ˙h be a the parts of matrix G, J and θ˙ respectively, that concern the
hand, eq.(2.10) can be rewritten as
Vrel,h = G
T
hJhθ˙h, (3.13)
where Vrel,h contains the relative velocity for all contact in the hand. Therefore, compared
with eq. (3.7) we obtain
θ˙h = (G
T
hJh)
−1AJηβ˙. (3.14)
Finally, substituting eq. (3.12) in eq. (3.14), we obtain the desired relationship:
θ˙h = (G
T
hJh)
−1AJηJ−1H G
T
o Joθ˙o =: Dθ˙o, D ∈ R6(n−1)×6. (3.15)
Then, let θro(t) be the object reference trajectory to be tracked, for a manipulating hand
properly design to accomplish the task, it is always possible to find the overall system
trajectory by integrating the differential inverse kinematics
θ˙rh(t) = D(t)θ˙
r
o(t), θ˙ = [θ˙
T
h θ˙
T
o ]
T . (3.16)
3.3 Controller Design
As we can see in Figure 3.2, the controller is made of four blocks: the first one takes the
reference acceleration, the velocity and position errors, and gives the vector FB defined in
eq. (3.17), which contains the wrench to be applied on the system in order to follow the
reference trajectory. The second block implements the computation of the particular (GRK)
and homogeneous (E) solutions from the actual position of the bodies (θ) and the contact
points (η); the output is sent to the Optimization Routine and the Force Computation blocks:
the first one implements the computation of the free vector y? which parametrize the internal
forces/tensions, while the second gives the vector of forces/tensions using the eq. (2.48).
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Figure 3.2: Control Flow Chart
3.3.1 Control Law
In order to track a desired trajectory, we choose a computed torque law, which define the
global wrench as:
FB = M(θ)(θ¨r −Kve˙−Kpe) + C(θ˙, θ)θ˙ +N(θ). (3.17)
Then, at a generic instant tˇ, when FB = FˇB, contact forces and tendon tensions satisfying
the constraint are found (if the problem is feasible) using the eq. (2.48) as follow:
ˇ¯f =
fˇ
tˇ
 = G¯RKFˇB + Ey?, (3.18)
where Kv and Kp are chosen to assign the appropriate dynamic, while y
? is found using the
optimization technique implemented in the Optimization Routine block.
3.3.2 Optimization Routine
We recall the expression of the global wrench defined in Chapter 2
FB = G¯f¯ , (3.19)
and we remember that, given the (to be applied) wrench FB, there are infinitely many vector
f¯ which satisfy that equation. In order to find the f¯ that ensure the integrity of the system,
we must choose the correct y?. To do that, we follow a method introduced in [7] and [4],
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defining a cost function V , which contains the system constraints and whose minimization
guarantee the system integrity.
Therefore, we introduce the following system constraints.
 Maximum Contact Forces
In order to prevent damage to the object, we introduce a safety threshold to limit the
intensity of contact forces. Considering contact between bodies i and k these bound
can be summarized as
‖pi,k‖ ≤ fi,k,max for all contacts, (3.20)
where pi,k is the contact forces exerted on body k by body i.
 Minimum normal contact forces
There are also reasons to keep contact forces above a minimum value. One is of practical
nature: contact sensors work better in a certain range of forces, and cannot distinguish
too small forces from noise. Another reason is that one would like to avoid temporal
discontinuity of contacts. A lower bound on the normal component of contact forces
can be imposed as
pTi,kni,k ≥ fi,k,min > 0 for all contacts, (3.21)
where ni,k is the unit normal vector pointing toward the surface of the body i at the
contact point between bodies i and k.
 Friction Limits
In absence of local contact torques, the normal and tangential components of each
contact force pi,k must comply with Coulomb’s law of friction
pTi,kni,k ≥
1
µi,k
‖(I − ni,knTi,k)pi,k‖ = αi,k‖pi,k‖, (3.22)
where µi,k is the static friction coefficient in the current contact conditions, and αi,k =
(1 + µ2i,k)
−1/2.
 Maximum Tendon Tension
The tendon stress amplitude must be less than a maximum fixed value. The value
depends on the made of tensions. We have:
tj ≤ tj,max j = 1, 2, ..., r. (3.23)
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 Minimum Tendon Tension
To avoid tendons to go slack, tensions must be greater than a minimum fixed value.
We have:
tj ≥ tj,min j = 1, 2, ..., r. (3.24)
3.3.2.1 Cost Function
The constraints eqs.(3.20), (3.21) and (3.22) relative the (i,j )-th connection, can be written
in the generalized form
σi,j,k = αi,j,k‖fi,j‖+ βi,j,k‖mi,j + γi,j,kfzi,j + δi,j,k ≤ 0, (3.25)
where the numerical values for various constrain types (k = 1, 2, 3) are reported in Table
3.1.
A similar form can be conceived also to describe the bound constraints in eq. (3.23) and
(3.24) on the h-th tendon tension
νh,l = ρh,lth + ηh,j ≤ 0, (3.26)
where numerical values for the two bounds (l = 1,2) are reported in Table 3.2. Let cΩi,j,k
Constraint type αi,j,k βi,j,k γi,j,k δi,j,k
Max. force module (k = 1) 1 0 0 −fi,j,max
Min. force module (k = 2) 0 0 −1 fzi,j,min
Friction cone (k = 3) αi,j,3 βi,j,3 −1 0
Table 3.1: Force Constraint Coefficient
Constraint type ρh,l ηh,l
Max. tension (l = 1) 1 −th,max
Min. tension (l = 2) −1 th,min
Table 3.2: Tension Constraint Coefficient
and tΩh,l represent the sets of the free parameter y that, for a given global wrench F
B,
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satisfies the constraint eqs.(3.25) and (3.26) respectively, with a small positive margin κ.
More precisely, let us define cΩi,j,k := {y : σi,j,k < −κ} and tΩh,l := {y : νh,l < −κ}. The
region where all the constraint are satisfied is given by cΩ ∩ tΩ, with
cΩ =
⋂
i,j,k
cΩi,j,k,
tΩ =
⋂
h,l
tΩh,l, (3.27)
where i = 1, ...n, j ∈ ν(i), k = 1, ..., 3, h = 1, ..., r, and l = 1, 2. For the (i,j)-th connection
(κ-th constraint) we consider the cost function
cVi,j,k(y, F
B) =
(2σi,j,k)
−1 : y ∈ cΩi,j,k
aσ2i,j,k + bσi,j,k + c : y /∈ cΩi,j,k
, (3.28)
and for the h-th tendon (l-th constraint) we consider the cost function
tVi,j,k(y, F
B) =
(2νh,l)
−1 : y ∈ tΩh,l
aν2h,l + bνh,l + c : y /∈ tΩh,l
. (3.29)
The overall cost function is defined as the weighted sum as follow
V κ(y, w) =
∑
i,j,k
cwi,j,k
cV i,j,k +
∑
h,l
twh,l
tV h,l, (3.30)
where cwi,j,k and
twh,l are positive weights.
Choosing κ 6= 0, a = 3
2κ4
, b = 4
κ4
and c = 3
κ2
, it can be shown that V is twice continuously
differentiable and globally strictly convex with respect to y.
An algorithm to found the minimum of V, can be efficiently implemented exploiting the
simple structure of V . In fact, the gradient of V with respect to y is the summation over i
and j of the terms
∂Vi,j
∂y
=
−σ
3
i,j
∂σi,j
∂y
y ∈ Ωκi,j
(2aσi,j + b)
∂σi,j
∂y
y /∈ Ωκi,j
, (3.31)
where
∂σi,j
∂y
= αi,jE
T
i pˆi + βi,jE
T
i ni (3.32)
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and pˆ = p/‖p‖. The hessian of V is the summation of the terms
∂2Vi,j
∂y2
=
−σ
3
i,j
∂2σi,j
∂y2
+ 3σ4i,j
σi,j
∂y
σTi,j
∂y
y ∈ Ωκi,j
(2aσi,j + b)
∂2σi,j
∂y2
+ 2a
σi,j
∂y
∂σTi,j
∂y
y /∈ Ωκi,j
, (3.33)
where
∂2σi,j
∂y2
= αi,j
ETi (I − pˆipˆTi )Ei
‖pi‖ . (3.34)
Therefore, standard techniques can be employed to search the unique minimizer y?, where
y? = argminV (y, FB). (3.35)
For instance, also the basic Newton-Raphson update law
y˙(t) = −ζ(∂2yV )−1∂yV, (3.36)
with ζ > 0, provides a globally asymptotically convergent algorithm. Therefore, at every
simulation step, we found the wrench to be applied FB using eq.(3.17), and we obtain the
correspondent forces/tensions using the optimization technique described above.
42
Chapter 4
Simulation and results
4.1 Introduction
In this chapter we give an example of manipulation using a ”bio-inspired” hand as we describe
in the previous chapter.
We describe the whole framework (links, joints, tendons and fingertip) and we show the
results of a simulation where the hand moves an object along a reference trajectory.
4.2 Test Case Description
As we can see in Figure 4.1a, human fingers have three joints: the first one connect metacarpal
to proximal bone and has two DoF, while the second and the third have one DoF. In the
human hand all the one DoF are hinge joints, while the two DoF can be divided in two
type: saddle joint for thumb and condyloid for the other fingers [3]. We assume that the
metacarpal joint is a saddle type for all the fingers that we will use in our model. Saddle
joints (see Figure 4.1b) can be modelled as an hyperboloid (red), fixed to the proximal bone,
which roll around axis xs and zs over another hyperboloid (blue), fixed to the metacarpal.
A coordinate chart c(u, v) for a hyperboloid with minimum radius rc, lenght l and co-
efficient of the parabola a, can be obtain using the coordinates (u, v) defined in Figure 4.2
as
c(u, v) = [(rc + av
2) cosu, (rc + av
2) sinu, v]T , (4.1)
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(a) Mano Umana
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Figure 4.1
with
U = {(u, v) : 0 ≤ u < 2pi,−l/2 ≤ v < l/2}. (4.2)
The partial derivative of c with respect u and v respectively are
cu =

−(rc + av2) sinu
(rc + av
2) cosu
0
 , cv =

2av cosu
2av sinu
1
 , (4.3)
then, the curvature, torsion and metric tensors are:
K =
 1(rc+av2)√1+4a2v2 0
0 −2a
(1+4a2v2)3/2
 M =
√(rc + av2)2 0
0
√
1 + 4a2v2

T =
[
−2av
(rc+a+v2)
√
1+4a2v2
0
] . (4.4)
Hinge joints (see Figure 4.3a) are modelled as one cylinder (blue), fixed to middle (or
distal) bone, which roll over another cylinder (red), fixed to proximal (or middle) bone. We
assume cylinder can roll only around xc, while the other motions are neglected by the contact
constraints.
In this situation, cylinders are in line contact but, without loss of generality, we can assume
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Figure 4.2: Saddle Joint Coordinate
that they are in point contact; therefore, we describe the evolution of the contact point as
we had two sphere with the same radius of the cylinders and one local coordinate (u or v)
constant.
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Figure 4.3
Then, the coordinate chart for a sphere with radius ρ, can be obtained using the coordi-
nates (u, v) defined in Figure 4.3b as
c(u, v) = [ρ cosu cos v, ρ cosu sin v, ρ sinu]T , (4.5)
with
U = {(u, v) : −pi/2 < u < pi/2,−pi < v < pi}. (4.6)
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The partial derivative of c with respect to u and v are given by
cu =

−ρ sinu cos v
−ρ sinu sin v
ρ cosu
 , cv =

−ρ cosu sin v
ρ cosu cos v
0
 . (4.7)
Therefore, the curvature, torsion and metric tensors are
K =
1/ρ 0
0 1/ρ
 M =
ρ 0
0 ρ cosu
 T = [0 −1/ρ tanu]. (4.8)
As we said before, tendons are in agonistic-antagonistic configuration, therefore in case
of 4 DoF, we need eight tendons (2 tendons for each DoF): tendons 1,3 and 5 and 2,4 and 6
control the movements of flexion and extension, respectively, while tendons 7 and 8 account
for adduction/abduction movements of the entire structure. In Figure 4.4 we show the
complete structure of a finger, where the hemisphere at the end of the third link represent
the fingertip.
Figure 4.4: Finger Structure
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4.2.1 Initial Configuration
In order to find the configuration at each step, we must integrate the contact kinematics
equation (2.7) and the inverse kinematics (3.16); therefore, we need to know the initial
configuration of the whole system.
To do that, we must impose the following constraints:
 the position of the contact point on the fingertip, as a function of the finger config-
uration, must be equal to the position of the same contact point on the object as a
function of the its configuration:
gPFh,o(θh)lh,o − gPFo,h(θo)lo,h = [0 0 0]T , (4.9)
where lh,o is the vector from the contact point to the centre of the fingertip, while lo,h
is the vector from contact point to the reference frame on the object.
 Considering a contact object-finger, the normal unit vector on the object must be
parallel to the corresponding vector on the finger:
(gPBo(θo)no,h)
TgPFh,o(θh)xh,o = 0
(gPBo(θo)no,h)
TgPFh,o(θh)yh,o = 0
, (4.10)
where xh,o and yh,o are the unit vector of the contact point on the fingertip.
This constraints represents a system of five equations for each finger, hence, referring to
the figure 4.5, we choose five unknown variables: uk,i, uh,k, uo,h, vo,h and vh,o which are the
first and the second joint variables, the contact coordinates on the object and the second
contact coordinate on the fingertip, respectively. In this way, we can resolve the system using
any nonlinear solver to find the initial configuration of each finger. Finally, when eqs.(4.9)
and (4.10) are solved, it is easily to calculate ψo,h for all the contact hand-object:
ψo,h = atan2
(−(RPFh,oxh,o)TRPBoyo,h
(RPFh,oxh,o)
TRPBoyo,h
)
, (4.11)
where RPFh,o and RPBo are the rotation matrix from the centre of the fingertip to the palm
and from the centre of mass of the object to the palm, respectively.
Finally, selected the initial configuration of the object θo(0) = [0.07 0 0.155 0 0 pi/4]
T , we
choose the value of the other configuration variables:
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Figure 4.5: Finger Example
 u0,1 = pi/12, u0,2 = −pi/12, u0,3 = −pi/12
 u1,0 = −pi/14, u2,0 = pi/14, u3,0 = pi/14
 u4,o = −pi/2 + u0,1, u6,o = −pi/2 + u0,2 , u9,o = −pi/2 + u0,3
 ψ1,0 = ψ4,0 = ψ7,0 = −pi/2
 ψ2,1 = ψ3,2 = ψ4,5 = ψ5,6 = ψ7,8 = ψ8,9 = pi
 coordinates v are all zero.
Referring to the Figure 4.6, the base joint configurations are:
 O1 = [0.025 0.035 0]
T , ψ1 = −pi/12
 O2 = [0.125 0.035 0]
T , ψ2 = +pi/12
 O3 = [0.115 − 0.030 0]T , ψ3 = −pi/10
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Figure 4.6: Base Joint Configuration
4.2.2 System Parameters
In the next tables, we report the parameters for the whole system.
 Optimization parameters:
PARAMETER VALUE UNITS
Max number of iteration 3000
Margin κ 10−3
Friction coefficient 0.9
Normal contact force min 2 N
Contact force max (norm) 800 N
Tendon tension max 400 N
Tendon tension min 0.1 N
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 Geometric parameter for i-th finger:
PARAMETER VALUE UNITS
Link 1 length 0.08 m
Link 2 length 0.06 m
Link 3 length 0.04 m
Links radius 0.005 m
Fingertips radius 0.02 m
Object radius 0.02 m
Density 2700 kg/m3
Gravity acceleration 9.81 m/s2
Linear joint elasticity 100/20 N/m
Rotoidal joint elasticity 200 N/rad
Tendon elasticity 20 N/m
 Controller parameters:
Kv = 20In, Kp = 5In. (4.12)
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4.3 Results
The proposed control law, as well as a simulator of the whole system, has been implemented
in MATLAB/Simulink. The following graphs, shown the results of a simulation, where a
spherical object is moved by a three fingers hand along an elliptical trajectory in the vertical
plane, with constant roll-pitch-yaw angles.
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(1) t = 0.0s (2) t = 0.25s (3) t = 0.50s
(4) t = 0.75s (5) t = 1.0s (6) t = 1.25s
(7) t = 1.50s (8) t = 1.75s (9) t = 2.0s
(10) t = 2.25s (11) t = 2.50s (12) t = 2.75s
Table 4.1: Twelve frames from a movie showing a 3-D manipulation of a spherical object
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Figure 4.9: Tendon Tensions of Finger 2
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Figure 4.10: Contact Wrench exerted by Palm on Finger 2
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Chapter 5
Conclusion and Future Works
In this thesis we developed a general method to analyse mechanical system, which can be
applied to a wide variety of structure. We focus on the analysis of a bioinspired system like
hands.
We also developed a finger model, where the phalanges interacting through unilateral contact
and are actuated by a net of tendons, which have to hold the entire structure. We also studied
an algorithm which can control the object trajectory and, at the same time, ensure the global
integrity of the system.
This model could be improved considering the non linearity of the tendons stiffness, much
complex contact model, different control law or ramifications of the tendon routing.
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